We obtain a sufficient and necessary theorems simple for proximality and Chebyshevity of the best approximate sets in quotient spaces. Also we consider compactness of the set of best approximate in quotient spaces.
Introduction
The quasi-Chebyshevity in normed linear spaces was definded by Mohebi at [2] - [3] , [5] . Also Narayana at [6] obtained some new results on quasi-Chebyshev. In this paper with a new ways we obtain some results on quotient spaces about proximinality, Chebyshevity and compactness of approximate sets. Let W be a non-empty subset of a normed linear space X. For any x ∈ X, the (possibly empty) set of best approximations x from M is defined by P W (x) = {y ∈ W : ∥x − y∥ = d(x,W )},
The subset W is said to be proximinal if the set P W (x) is non-empty for every x ∈ X and the set W is Chebyshev if P W (x) is a singleton set. The closed unit ball of X is B X and B X = {x ∈ X : ∥x∥ ≤ 1}.
Let W be a subspace of a normed space X. We define the quotient space X/W to be the set of all cosets x +W of W together with the following operations:
for all x, y ∈ X and arbitrary scalar λ . Then, the quotient space X/W is a normed space with the norm ∥x + W ∥ = in f w∈W ∥x − w∥.
The closed unit ball of the quotient space X/W is 
In the following we shall present a known lemmas which are needed in the proof of the main results. 
Main section
In this section we will consider proximinalaity and chebyshevity in quotient spaces. In following remark we omit the assumption comdimen(W ) = 1. We also to see the proof of this remark at [4] . Proof. 
Theorem 2.2. Let X be a normed linear space, W a linear subspace of X and r > 0. (a) If there exists an unique z ∈ rB X such that d(z,W ) = r. Then W is Chebyshev. (b) If W is Chebyshev and codim(W ) = 1, Then there exists a z ∈ rB X such that d(z,W ) = r and for any z ′ ∈ rB X such that d(z ′
It follows that 0, g ∈ P W (z). Because W is Chebyshev. Then g = 0 and z = αz ′ . Also ∥z∥ = ∥z ′ ∥ = r, therefore |α| = 1.
Theorem 2.3. Let M be a proximinal subspace of a normed space X, W a subspace of X containing M and codim(W ) = 1. (a) If W is Chebyshev, then W /M is a Chebyshev subspace of X/M. * (b) If W /M is a Chebyshev subspace of X/M, then W is a Chebyshev subspace of X.
Proof.
then for i = 1, 2, d(z i ,W ) = r and z i ∈ rB X . By theorem 2.2, since W is Chebyshev for some a α, z 2 = αz 1 and |α| = 1. Therefore
(b) If there exist z 1 , z 2 ∈ X such that for every i = 1, 2,
Since
Therefore z 2 − αz 1 , 0 ∈ P W (z 2 ), and W is Chebyshev. Then z 2 = αz 1 .
In following remark we omit the assumption comdimen(W ) = 1. We can to see the proof of this remark at [4] . Proof.
Therefore m n + x n ∈ B X and also d(x n + m n ,W ) = 1. By Lemma 1.4, the sequence {x n + m n } has a convergent subsequence {x n k + m n k }. Therefore x n k + m n k −→ x 0 and then
Since M is compact, there exists a convergent subsequence {m n kl } such that m n k l −→ m 0 . Therefore x n kl −→ x 0 + m 0 .
In following remark we omit the assumption comdimen(W ) = 1. We can to see the proof of this remark at [4] . 
